Low temperature electronic properties of Sr 2 Ru04 III: 

Magnetic fields 
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Based on the microscopic model introduced previously the 
observed specific heat and ac-susceptibility data in the super- 
conducting phase in S^RuCU with applied magnetic fields are 
described consistently within a phenomenological approach. 
Discussed in detail are the temperature dependence of the 
upper critical fields H C 2 and H2, the dependence of the upper 
critical fields on the field direction, the linear specific heat be- 
low the superconducting phase transition as a function of field 
or temperature, the anisotropy of the two spatial components 
of the order parameter, and the fluctuation field H p . 



I. INTRODUCTION 

The discovery of superconductivity below T c ~ 1 K iu 
Sr2RuC>4 has quickly triggered a large amovuit of interestu 
because of the unconventional propertiescl and the ini- 
tially proposed analogyu to 3 He. The material is tetra- 
gonal at all temperatures a The three bands cutting 
Fermi level with quasi two-dimensional Fermi surface! 
can be mainly ^associated with the three t% g orbitals p£ 
the Ru 4+ ions .Era The transport is Fermi liquid likeETEHl 
for T cn < T < 30 K and strongly anisotropic along the 
c axis.El The enhanced specific heat, magnetic suscepti- 
bility and electronic -mass indicate the presence_pf sig- 
nificant correlation .mU The specific heat,E3iij ther- 
mal cqsductivityJLj and nuclear quadrupole resonance 
(NQR)ll3 are consistent with two-dimensional gapless 
fluctuations in the superconducting phase. For a more 
detailed overview see Refs. p]Jl6|. 

The present work is the last part of a series of three. 
In part I (Ref. |l6|) the quasi one-dimensionality of the 
kinetic energy of the d zx and d yz electrons has been used 
to derive an effective microscopic model. At intermediate 
coupling the interaction leads to a quasi one-dimensional 
model for the magnetic degrees of freedom and two- 
dimensional correlations in the charge sector. The nor- 
mal phase properties are described consistently. In part 
II (Ref. |l7) it is shown that the pair-correlations are 
enhanced by inter-plane umklapp-scattering as a conse- 
quence of the body centered crystal structure-. The intcr- 
plane coupling can be treated mean-field like.E3 The order 
parameter is a spin triplet with two slightly anisotropic 
spatial (flavor) components. The model consistently can 



account for the experimental data concerning the temper- 
ature dependence of the pair density, specific heat, NQR 
and muon spin relaxation (/^SR) times and susce 
ity. The crucial difference to previous approaches0'E3~ 
is that the relevant internal degrees of freedom of the su- 
perconducting order parameter have been extracted from 
the material specific microscopic model. 

The present paper is based on a phenomenological 
model that is consistent with the results-derived in Refs. 
[[! and 0. The upper critical fieldeM^ can be de=. 
scribed by mean-field theory. The specific heat datat 3 ] 
are in quantitative agreement with the presence of a cu- 
bic term in the Landau expansion of the free energy (Sec. 
0). The various observed critical fields as well_as_ihcir 
dependence on the direction of the applied fieldcjcj are 
well described within the framework of the flavor degrees 
of freedom of the model (Sec. III). 



II. MEAN-FIELD THEORY 

In Ref. [IT] it has been shown that the thermodynamic 
properties of Sr2Ru04 near the superconducting phase 
transition are well described by a Landau expansion in 
the pair excitation energy gap A. 

F A = F - A t A 2 + D A 3 + B A 4 + 0(A 5 ) (1) 

Here t = 1 — T/T c -C 1 is the reduced temperature. The 
presence of the term ~ A 3 can be motivated by effec- 
tively integrating out the. two-dimensional, gapless order 
parameter fluctuations .Ell Gauge invariance is preserved 



oc 



e l * G (P)| for pair operators P and arbitrary 
gauge fields 4>q. To be consistent with the notation of 
Ref. [ll] the coefficients are given as A — N (64 Vq) , 



B = N 



(8 V ) 



D = N 



128 v' 2 t . 



The parameters define 



the number of Ru ions N, the effective velocity of the 
elementary electronic excitations above the gap v e s ~ 22 
K, the numerical prefactor s ~ 4.7 K, and the inter- 
plane pair hopping potential Vq ~ 6 K. If one assumes 
that the excitations of the magnetic degrees of freedom of 
the order paramter are gapped through spin-flavor cou- 
pling the numbers are v e s w 38 KiMid so ~ 2.7. 

Comparing with experiments! 25 ^ 6 ! the superconduct- 
ing gap has— been found to be linear in the reduced 
temperatureE-3 over a rather large interval, i.e., 
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FIG. 1. Upper critical magnetic fields. Circles are from 
ac-susceptibility measurements Ref. crosses are from resis- 
tivity measurements Ref. fa) H CYn along [110] as a function 
of temperature, fit from Eq. (yj. (b) H C 2(8, 45°) as a function 
of the polar angle 8. The dashed line is a fit from Eq. (^j, the 
solid line is a fit from Eq. (^). The inset is an enlargement of 
the region 8 ~ 90° . 



Since A > the phase transition described by Eqs. 
(|l|) and (@)-|is of third order in the sense of Ehrenfest's 
definitionEZI 



A. Upper critical fields H C 2 

The field above which superconductivity disappears is 
denoted H c2 (8, </>). The azimuthal <j> and polar 9 angles 
are defined as H(Q, 0)|| [001] and H^,0)||[100]. The 
critical field is maximal along [110],c§EJ i.e., H cm (T) = 
# c2 (90 o ,45°). H cm (T) is plotted in Fig. ^(a^as derived 
from ac-susceptibility_measurements (circles )lj and resis- 
tivityj-data (crosses) EB The fit to the phenomenological 
curvea 



H cm (T) 
H cm (T = 0) 



T 



T C (H = 0) 



(3) 



with H cm (T = 0) = 1.5 T and T C (H = 0) = 1.5 
K reproduces the experimental data satisfactorily [full 
line in Fig. 0(a)]. The deviation of Eq. (|) from the 

BCS predictions limT^o g c 7r=o) ~ ^~ ^-^ T^Th^) anc ^ 

is smaller than the 



X 1 
T C (H=0)1 



experimental uncertainty. 

The experimental uncertainties in the determination 
of H cm lie in part in the ambiguities between T c and 
the "mid transition" value T cm due to the linear or- 
der parameter as discussed in Ref. |l7|. In Ref. ^ the 
possible violatiop_.of the Werthamer-Helfand-Hohenberg 
(WHH) formulaEj is discussed. The WHH formula re- 
lates H cm (T = 0) and the derivative dH cm (T)/dT\ T=Tc . 
Since the experimental estimate relies solely on the two 
points closest to T C {H = 0) the discrepancies must very 
likely be attributed to experimental uncertainties. 

Figure |l|(b) shows the critical field i? C 2(^,45°) as a 
function of the polar angle. The fit from the Landau- 



Ginzburg anisotropic effective mass approximation^ de- 
fined by 



ffc2(M5°) 



# c2 (# = 0,45°) 



| cos 6\ a/1 + tan 2 6/R 2 m 



(4) 



28 [dashed line in 



gives an effective mass ratio of Rr, 
Fig- 0(b)]. 

While the experimental datao are well reproduced 
for 9 < 87°, the fit function overestimates the in-plane 
critical field at 6 = 90° by roughly 20% [inset of Fig. 
|l|(b)]. Such an enhancement of the in-plane coupling to 
the magnetic field is expected from the 20% easy plane 
anisotropy of the spin-one Cooper pairs that was im- 
plied from the /iSR relaxation time anisotropy.E-3 The 
easy plane configuration can be incorporated into Eq. (^) 
by enhancing the in-plane coupling by a factor g|| = 1.23. 



,45°) = 




tf c2 (0 = O,45°) 



|cos6>|v/l + tan 2 9/R 2 m 



(5) 



The experimental data are then well described with 
R m = 20 [solid line in Fig. 0(b)]. As expected this value 
excellently matches. the in-plane to out-of-plane hopping 
ratio Rm = to/t±S^ 

Both the temperature dependence of H cm and the an- 
gular dependence of H c2 (9, 45°) strongly support the ap- 
plicability of the mean-field approach. 



B. Landau theory with magnetic field 

Using Eqs. ([!]) and (||) the specific heat just below the 
superconducting transition becomes 



8 A 3 

9 T 3 D* 



(T c — T) — 0(t 2 ) . (6) 



The critical temperature depends on the magnetic field 
T c = T C (H). The normal phase contribution is constant 
with Of- « 37.5 K "'^ ol . The coefficient | T ^ D - A can be de- 
termined from the measurements in Ref. Il4| as a function 



of the applied magnetic field. The results are plotted in 
Fig. H (symbols) and can be fitted by 



8 A 3 



9 T 3 D 2 



310J1 - 



H 



mj 



iT cm (0) Kernel 



(7) 



with H cm (0) = 1.5 T (full line). 

The reduced temperature at a given temperature is al- 
tered as the magnetic field is changed, i.e., t = t(H), 
because of the resulting change in the critical tempera- 
ture. The latter can be obtained by inverting Eq. (3l) to 
give T C (H). Defining the reduced field h(T) = 1 — g ( T ) 
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FIG. 2. Coefficient 

J — g t'^d' 1 as determined from the 
measurements in Ref. ^ as a function of the applied magnetic 
Held (symbols). The full line [Eq. ftfy] is the fit consistent with 
the mean-Geld approach. 



at a given temperature and expanding Eq. 
one finds the relation 



t(H] 



T 2 (H) _l H cm (T) 
T 2 (0) ~ 2 iJ cm (0) 



h(T) 



for t < 1 



(8) 



between the reduced temperature and the reduced field. 
Using Eq. (ph and the fit of the coefficient 7 as given in 
Eq. (fjj) the specific heat as a function of the magnetic 
field becomes at a given temperature for < h <C 1 



C s \ 

T _ T 



155 mJ 
TK 2 mol 



{H cm -H)- 0(h 2 



(9) 



From the experimental results in Ref. |l4] one finds for 
0.4K < T < 1.5K values for the linear field coefficient 
of 140 to 160 ^"^01 m excellent agreement with the 
prediction. 

For H > 1.4 T or T c < 0.4 K corrections to the fit of 
7 must be expected. The data in Fig. ^| are consistent 
with a faster drop of 7 for H > 1.4 T than anticipated 



by the fit from Ec 



(0). At the the same time the region 
of validity of Eq. ( §]) is reduced to extremely small values 
of h. For T — > the term linear in H in Eq. (||) then 
becomes negligible. The higher order terms in Eq. (|]) 
are negative and are consistent with— the sharp drop of 
the specific heat with h for T — > oJiil Detailed specific 
heat measurements in the range 1.4T<if<1.5T are 
desirable for further clarification. 

Using the definition Eq. (fjj) and Eq. @ to express 
T C (H) as a function of the magnetic field gives 



D(H) = 4.; 



K 



.4 



r c (o) 



1 - 



H 



Hcm(O) 



(10) 



Assuming that the coefficient A is independent^ of the 
field H and replacing D — > D(H) in Eq. (0) one finds 



A ff (T)j 



Ar 



H TJH)-T , . 

1 - „ - L '— , (11) 



ffcm(0) T c (0) 

with A = 4.9 K. Applying Eq. (0) yields 



A T (iJ)l ^A H ^ T \- H 

^ ' lh<<1 ^cm(O) 



(12) 



Equations (10) - (|12j) only are meaningful under the 
assumption that the coefficient A is independent of the 
field H. They yield meaningful results consistent with 
experiments within the present approach justifying the 
assumption made. An unambiguous quantitative test of 
Eqs. (|ll| ) andj-di^H can be obtained via excess current 
measurements] 



C. Low temperature specific heat 

For T — > and H < H ss w 0.12 T the specific heat 
of Sr2RuC>4 shows a sharp linear increase as a function 
of the applied magnetic fieldJlil This phenomenon can be 
easily understood in terms of a small gap in the mag- 
netic excitation spectrum of internal magnetic degrees of 
freedom of the superconducting <j*dejj parameter which 
is induced by spin- flavor coupling OS The applied mag- 
netic field splits the three components of the spin triplet 
described by the SO (3) vectoiO fl s and the lowest spin 
state is decreased in energy until the spin gap is closed. 
The spin gap can be estimated as w (J-bH se — 0.08 
K. This valuers consistent with an estimate obtained via 
the analogyO to 3 He-A and suggests that for tempera- 
tures T > 0.1 K the magnetic excitations of the Cooper 
pair moments can be considered as gapless. 

For H > 0.12 T and at low temperatures 0.1 K < T < 
T c the experimental specific heat can be described by 
a contribution linear in T and a contribution quadratic 
in T.Ej The quadratic contribution stems from the quasi 
two-dimensional gapless fluctuations of the internal de- 
grees of freedom of the order parameter. In the pres- 
ence of a magnetic field the magnetic degeneracy of the 
magnetic pair order parameter components is lifted by 
the Zeeman splitting. The non-linear sigma model de- 
scribing the gapless fluctuations of the order parameter 
components is thus reduced from SO(3)(g)SO(2) to one 
channel or SO (2) symmetry. The quadratic specific heat 
contribution then is [c.f. Eq. (70) in Ref. [l~7|] 



CP 



I 3C(2) T 2 T 2 
T-.0 = - — ~ ~ 1-15 



7T (Vvj 1 



(13) 



Equation (|13| ) predicts a specific heat contribution 
quadratic in temperature that is basically independent 
of the magnetic field. This result is consistent with 
experiments (c.f. Fig. 6 in Ref. |l4|) where the coeffi- 
cient has been determined for 1.4 T > H > 0.12 T as 

r m 1 



44 



m.T 
K 3 mol 



T 2 . Comparison with Eq. (0) 
leads to v e s ~ 15 K which compares reasonably well with 
the value of 22 K determined in the absence of a magnetic 
fieldO The change of the excitation velocity is conceiv- 
able in a magnetic field as well as quack^a^ic temperature 
contributions from the vortex lattice] 
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FIG. 3. In-plane critical magnetic Gelds. Symbols are 
from ac-susceptibility measurements Ref. The broken line 
is H C:X (4>), the dash-dotted line H CyV ((j)) as defined in Eq. jig) 



with H c 



1.44 T and H c , a = 0.05 T. Tne dotted line is the 



crossover held H p as dehned in Eq. 
of flavor fluctuations. 



22) that marks the onset 



The linear contribution to the specific heat for H > 
0.12 T stems form the excitations of the (non-degenerate) 
lowest spin-triplet state discussed above as well as from 
the vortex lattice. 



III. CRITICAL MAGNETIC FIELDS 



Experimentally differenigg|. 



_ letic fields have 

been observed in SraRuO^IIlB&feittll So far the phys- 
ical implications have been discussed controversially. 



A. In-plane anisotropy of H C 2 

The ac-susceptibility measurements reveal an angular 
alternation of the in- pj ape upper critical field H C 2((f>) with 
four fold symmetryHo (full circles in Fig. ||). A second 
transition is observed at H2(4>) < H C 2((f>) also with four 
fold symmetry but out-of-phase modulation (full trian- 
gles in Fig. ||). The polar angle is set to 9 = 90° through- 
out this subsection. 

In Ref. [l7] it has been shown that the superconducting 
order parameter in Sr2Ru04 has two spatially slightly 
anisotropic components described by the SO(2) vector 
Jlf . The magnetic field couples strongest to the order pa- 
rameter component with dominant superconducting cor- 
relations perpendicular to the field. 

Generalizing Eq. (|l2|) to a two component vector Ay ~ 
f2f the components v = x, y of the order parameter be- 
come 



V2 



H(<f>) 



(14) 



Note that the superconducting correlations of the compo- 
nent j are largest along [110] while for At , y they are 
largest along [TlO] J13 The critical fields can be parameter 
ized into a homogeneous part and an alternating partcHI 
reflecting the two-fold symmetry of the order parameter 
components. 



, T) = H CiU {T) + H c>a (T) f(± sin 20) (15) 



The two components H CtX and H CtV only differ by a phase 
shift 4> —> + tt/2 reflecting the symmetry relation of 
At.x and Ax, y . The total order parameter \A.t(H — > 0)| 
has the-iour-fold symmetry of the underlying tetragonal 
lattice.llZI 

An appropriate choice for the anisotropy function is 



/ Q (sin 20) 



arcsin(a sin 20) 



arcsm a 



(16) 



that interpolates between a sinusoidal function for a — > 
and a zig-zag function for a — * 1. The fits in Fig. for 
H c x (dash-dotted line) and for H cy (dashed line) reveal 
that the experimental data are best described by a ss 1. 
The parameters are determined to be H C $(T — > 0) = 
1.44 T and H C:(l (T ->■ 0) = 0.05 T. They are consis- 
tent with the Ojbspr.vations made by thermal conductivity 
measurements£3H Note that the definition of "H2" in 
Ref. |36| differs from the one made here. 

The ratio 2H CM / H c>u w 0.07 is consistent with the ob- 
served anisotropies iivihe thermal conductivity in the su- 
perconducting phase.LJ A more detailed and quantitative 
comparison with the thermal conductivity data requires 
a more involved analysis of the transport properties of 
the model discussed here. It must include the, symmetry 
breaking effect of the temperature gradient .113 

The fields H c x and H CtV can be combined to give the 
initial interpretation of the transitions in terms of 

H c2 {4>) = sup [# c , x (0), H c , y {<j>)\ (17) 



and 



H 2 {(j>) = mi [ff C)X (0),ff c>2/ (0)] 



(18) 



which then reflect the four-fold symmetry of the lattice. 

The angular variation of the order parameter com- 
ponents in Eq. ( |l4|) with a = 1 is non-analytic at 
4> n = f(2n +1). This is consistent with the presence 
of quasi onc-dimcnsional correlations along the diago- 
nals of the tetragonal reciprocal lattice as predicted by 
the microscopic model for Sr2Ru04-r-3 A more detailed 
analysis of how the quasi one-dimensional correlations 
determine the order parameter would require the study 
of the two-dimensional siae-Gordon actionai3 that deter- 
mine the full EliashbergcJ equation. This is not evident 
and must be left for future studies. Experimentally it 
would be interesting to study the in-plane anisotropy as 
shown in Fig. ^ at various temperatures in order to obtain 
the temperature dependence of a. 
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B. In-plane anisotropy of H p 

The field H p is denned by the upper edge of a shoul- 
der formed by an increase of the ac-susceptibility with 
increasing reduced field h as measured in Ref. 24|. The 
experimental data are shown by the full diamonds in Fig. 
H and suggest a close relation of H p to the critical order 
parameter fields H c x and H c ,y 

With an alternating held of 0.05 mT at frequencies 
of 700-1000 Hz the ac-susceptibility measurements prohfi 
very low energy magnetic excitations of the systcm.Efl 
Within the framework of the .underlying microscopic 
model the magnetic subsystemt£l has an energy scale 
of v e g ~ 22 K. Since typical magnetic fields H ~ 1 
T ~ 0.7 K-,« TJ ff its contribution remains essentially 
unaffected. c3 The spin triplet components fl s of the or- 
der parameter is Zeeman split in a magnetic field (see 
also Sec. |II C[ ) . On the other hand, interaction terms 
in the microscopic model couple the magnetic degrees of 
freedom to tha-flavor degrees of freedom ilf of the or- 
der parameter .1111 The ac-susceptibility is thus an indirect 
probe of the gapless SO (2) fluctuations of S~2f in the su- 
perconducting state. 

The SO (2) fluctuations of S~2f are well described by a 
non-linear sigma model if the energy gap to the elec- 
tronic (amplitude) excitations is sufficiently large. Near 
the phase transition the coupliafi to the amplitude exci- 
tations plays an important role.tZI The crossover between 
the two regions defines the crossover gap A c . 

Only for—. \A.t(H)\ > A c the gapless flavor 
fluctuationsc3 of the order parameter components can be 
described by the 2+1 dimensional non- linear sigma model 
as discussed in detail in Ref. 0. For | A T (£T)| < A c the 
system is in the "effective saddle point" regime where the 
amplitude mode energy cutoff plays a crucial role and the 
internal degrees of freedom are integrated out. The field 
at which the order parameter is equal to the crossover gap 
can be identified as H p , i.e., | Ay(iJ p )| = A c . For smaller 
fields H < H p one has | At(H)\ > A c and the system ex- 
hibits gapless flavor fluctuations which increasetSEJ the 
magnetic response through the spin-flavor coupling. 

In order to derive the specific geometry and temper- 
ature dependence of H p within the framework of the 
present approach consider that from Eqs. (jlj) - ([If]) and 
H C:U ^> H c a follows that the modulus of the order pa- 
rameter is 



|A T (ff,. 
A 2 



[H C}U (T)-H] 2 + H? a (T)f 1(^20) 



HU0) 



(19) 



The crossover field H p {4>) is defined by |A:r(-ffp)| = A c 
and takes a simple form in the case 4> = or, equivalently, 
for ff Ci0 (T) = 0: 



ffp(0) = H C>U {T) 



H c , u {0) 



(20) 



The crossover field H p is shifted by a temperature inde- 
pendent constant with respect to H C U {T). 

For H Cia (T) ^ and cj> ^ the' SO (2) fluctuations 
between the order parameter components At, x and Ar, 9 
only are possible if the ratio 



(21) 



is small enough, i.e., r\ < r 2 . The theoretical form of 
the angular dependent field then becomes 

HpW = H CtU (T) - 2gc '° (T) | /i (sin 20) | 



H 2 (0) 

- J A c - ^ c 2 a(r)/ 1 2 (sin20) . (22) 

The resulting fit to the experimental data at T = 0.06 K 
is shown as the dotted line in Fig. [| and yields the param- 
eters A C (T -> 0) = 0.4 K and r 2 = 0.64. The agreement 
with the experimental results is quite satisfactory. 



C. Temperature dependence 

Figure ||(a) and (b) show the temperature depen- 
dence of the fields H c2 , H 2 and, H p as derived from ac- 
susceptibility measurements (Ref. g4|) for <j> = 45° and 
= 0°, respectively. The temperature dependence of 
H C . U (T) = [H c2 (T) + H 2 (T)}/2 is essentially given by Eq. 
(|). From the difference H c2 - H 2 = 2iJ C:Q at <j> = 45° 
the temperature dependence of the anisotropic field com- 
ponent can be extracted as 



H c ,a(T)\ T<n w H c , a (P) I 1 - j^- 



rp2 

c,a 



(23) 



with H c . a (0) = 0.047 T, T C , Q = 0.85 K and 
H c .a(T)\T>T c a = 0. The experimental data (symbols) 
and the fit (full line) are shown in Fig. [|(c). From Eqs. 
( |l4| ) and ( |l5| ) follows that the difference At, x — At, v ~ 
0.2 K for 4> = 45° (H < H 2 ). Consequently the vanishing 
of H c a (T) for T > T c a can be associated with thermal 
fluctuations obscuring the difference between the order 
parameter components At x and A^ y. 

The symbols in Fig. ||(d) show the data for H CAl (T) — 
H p ((p, T) as extracted from the experimental data for <f> = 
45° (circles) and = 0° (squares) . The broken line is the 
temperature independent result from Eq. (^2|) for = 0° 
with A c = 0.3 K in excellent agreement with experiment. 
The discrepancy between the values extracted here [A c = 
0.3 K and H c>a (0) = 0.047 T] and the values extracted 
from the angular dependence shown in Fig. [A c = 0.4 
K and H c a (0) = 0.05 T] can in part be attributed to 
experimental uncertainties and in part to the corre ction s 
to the theory for T < 0.4 K as anticipated in Sec. |II B| . 

For <p = 45° the experimental data [circles in Fig. 14(d)] 
are only in qualitative agreement with the fit form Eq. 
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FIG. 4. Panels (a) and (b) show the temperature 
dependence of the critical in-plane Gelds as derived from 
ac-susceptibility measurementsEj for <j> — 45° and <f> — 0°, 
respectively. Panel fc) shows H C]Cl = (#c2 — i?2)/2 together 
with a fit from Eq. (||). Panel fdj shows H C>U (T) - H p (<j>, T) 
from experimental data together with the respective fits from 
Eqs. (§§) and for = 45° (circles, full line) and = 0° 
(squares, dashed line) with H c , a {0) = 0.047 T and T c , a = 0.85 
K. The dash-dotted line is obtained using H C:a (0) = 0.05 T 
and r c ,a = 0.43 K for 6 = 45° . 



(H) [full line, A c = 0.3 K, r 2 c = 0.64, H c<a (0) = 0.047 
T, T CjQ = 0.85 K] for 0.2 K < T < 0.8 K. This might 
indicate that there are corrections to the theory. On the 
other hand the read-off from the ac-susceptibility data 
of H p for T si.0.6 K and of H 2 for T > 0.6 K is not 
unambiguous r3 To match the experimental data in Fig. 
|(d) parameters ff c , a (0) = 0.05 T and T c ^ a = 0.43 K are 
adequate [dash-dotted line in Fig. ||(d)]. A more com- 
plex temperature dependence with a small H c „ (T) < 
for T > 0.7T C has been proposed in fiefs. ||(],^3|. An an- 
gular analysis of the ac-susceptibility as shown in Fig. ^ 
at temperatures 0.2 K < T < 0.8 K would be helpful. 
Complimentary data from specific heat measurements as 
a function of the in-plane field direction are also desir- 
able. 

The crossover or "fluctuation field" H p marks the ap- 
pearance of quasi two-dimensional fluctuations as de- 
scribed by the non-linear sigma model. In that sense 



Hp marks p-phenomenon similar to a Kosterlitz-Thouless 
transition.c3 



D. Interpretation of A c in terms of the microscopic 
model 

For reduced temperatures t < t c « 0.05 the order pa- 
rameter fluctuations are in the "effective saddle point" 
regime as defined in Ref. |l7|. In the effective saddle point 



regime the superconducting gap defines a cutoff in the 
spectrum of the gapless SO (2) fluctuations of the internal 
flavor degrees of freedom of the order parameter .c3 Gap- 
less fluctuations of the order parameter components as 
described by the 2+1 dimensional non-linear sigma mod- 
els without an energy cutoff only exist for t(H — * 0) > t c . 

The analogy between th e red uced field h and the re- 
duced temperature t (Sec. [IB ) implies that for h(T — > 
0) < h c w 0.05 the system also is in the effe ctive saddle 
point regime. The value of A c w 0.4 K (Sec. [II B ) gives 
together with Eq. @ h c (T -> 0) » 0.08. Considering 
the experimental uncertainties and the simplicity of the 
approach this agreement is quite satisfactory. Equation 
( |l2| ) can be rewritten as 



h c (T) 



Ac H cm (0) 
A H cm (T) 



(24) 



and reveals the temperature dependence of h c (T). 

Si milarly follows from Eq. Q that with A c 0.3 K 
(Sec. [Ill C| ) t c (H ->• 0) w 0.06. Again, the agreement 
with the proposed value of t c w 0.05 underlines the con- 
sistency of the microscopic model in Refs. [l6|,[l7] and the 
phcnomenological approach herein. 

The analysis discussed herein suggests that the maxi- 
mum in the specific heat below the superconducting tran- 
sition coincides with Hp. Probing the specific heat depen- 
dent on the in-plane field direction experimentally would 
be an appropriate test of this prediction. 



E. Out-of-plane spin-flip field H± and out-of-plane 
anisotropy of H Cia 

At low temperatures and for small out-of-plane fields 
H(0,cf>) < H±\\H(0,</>) the thermodynamic and trans- 
port properties of the system are basically unaffected. 
The value #r±q~ 0.01 T can be determined both from-the. 
specific heatta as well as from thermal conductivitjcJ'EZl 
measurements. Obviously there is a small confinement 
of the magnetic moment of the Cooper pairs to the x- 
y plane that becomes apparent when fluctuations are 
frozen out. The spin- flip field H± is found to be t£fp=i 
perature independent as long as H C 2(0,4>,T) 
and shows a temperature dependent hysteresis .E3 

The dependence of the field H 2 (9, 45°) on the polar an- 
gle 9 as observed in Ref. ^4] is closely related to the out- 
of-plane spin-flip field. For 9 < 89.5° the out-of-plane 
component of the magnetic field zH is larger than the 
spin- flip field, i.e., zH > Hx- For 9 < 89.5° the order pa- 
rameter has an out-of-plane spin component which cou- 
ples homogeneously to both spatial components A^j (H) 
and Ax.yiH). H c a vanishes and H 2 = H c2 . The tran- 
sition from H c . a (9 > 89.5°) ^ to H c . a (9 < 89.5°) = 
should be of first order for T < 0.02 K. 
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IV. SUMMARY 



B. Proposed experiments 



Based on the microscopic model introduced in Refs. [l6| 
and [l7] the observed specific heat and ac-susceptibility 
data in the superconducting phase in Sr2Ru04 with ap- 
plied magnetic fields have been described consistently. 



A. Conclusions 

(i) The temperature dependence of the upper critical 
field is satisfactorily described by a phenomenological for- 
mula similar to the BCS results [Eq. (H)]. 

(ii) The dependence of the upper critical field on the 
out-of-plane angle of the field direction is excellently re- 
produced by the Landau- Ginzburg anisotropic effective 
mass approximation if the enhanced in-plane coupling is 
included [Eq. (§)]. 

(iii) The specific heat below the superconducting phase 
transition increases linearly with decreasing temperature 
as predicted in the presence of quasi two-dimensional 
gapless fluctuations of the order parameter. The ob- 
served reduction of the temperature slope with increasing 
magnetic field is consistent with the reduced magnetic de- 
grees of freedom. The resulting linear dependence of the 
specific heat on the magnetic field just below the criti- 
cal field is temperature independent and in quantitative 
agreement with experiment. 

(iv) The two spatially anisotropic components of the 
order parameters couple differently to the applied mag- 
netic field depending on its orientation. The observed an- 
gular dependence of the resulting two critical fields leads 
to conclude that each of the components of the order 
parameter has a spatial anisotropy of ~ 7 % for H — * 0. 

(v) The non-analytic angular variation of the in-plane 
upper critical fields supports the presence of quasi one- 
dimensional correlations along the diagonals of the basal 
plane of the unit cell as predicted by the underlying mi- 
croscopic model. 

(vi) The order parameter fluctuations are described for 
fields H <C Hp by the non-linear sigma model while for 
Hp < H < H C 2 they are qualitatively altered by the cou- 
pling to the amplitude fluctuations. Both the angular 
and temperature dependence of the fluctuation field H p 
are described consistently with ac-susceptibility measure- 
ments. 

(vii) For small temperatures T < 0.1 K the spin-gap 
field H sg ps 0.12 T has been determined. For fields 
H < H sg the spectrum of the internal magnetic degrees 
of freedom of the order parameter J7 S has a gap mediated 
by spin-flavor coupling. For H = the gap (Leggett fre- 
quency) has been estimated as Ha ~ 0.08 K. 



For further clarification of the description of the low 
temperature electronic properties of Sr 2 Ru04 the follow- 
ing additional experiments would be useful. 

(i) An angular analysis of the ac-susceptibility at tem- 
peratures 0.2K<T<0.8K would be helpful to clarify if 
there are corrections to the theory concerning the angular 
dependence of the field H p in that temperature range. 

(ii) Complimentary data from specific heat measure- 
ments as a function of the in-plane field direction are 
desirable to test if the maximum of the specific heat co- 
incides with Hp. 

(iii) Specific heat measurements in the range of < 
T < 0.4 K and 1.4 < H < 1.5 T are desirable to study 
details of the slope of the linear field and temperature 
dependence of the specific heat near the transition. Pos- 
sible corrections to the theory in that parameter range 
can then be investigated. 

(iv) Excess current measurements provide a quantita- 
tive test of the linear dependence of the order parameter 
on the temperature and the magnetic field as predicted 
in (O) and (O). 



C. Critique and outlook 

The aim of the presented analysis of the properties 
of Sr2Ru04 in magnetic fields is to consistently describe 
a large number of experimental results within a mini- 
mal model. To this end two assumptions where made. 
The first is the separation of the magnetic and flavor 
degrees of freedom as imposed by the underlying micro- 
scopic model discussed in Ref. [l6] and [l7| Secondly it is 
assumed that the magnetic field dependence of the order 
parameter can be described by simple relations similar 
to the temperature dependence as given in Eqs. ( |i"l| ) and 
(|l2|). The qualitative an d qu anti tativ e agreement of the 
specific heat data (Sees. II B and II C) and the geometry 
of the critical fields (Sees. Ill A, IIIB and III C| ) underline 
the validity of the approach. 

Based on these results a more detailed study of the 
interplay of the magnetic and flavor degrees of free- 
dom together with the vortex lattice via a full Landau 
Ginzburg analysis appears desirable. Similar approaches 
were perfopned-earlier for a^jwp-component p-wave order 
parametercJ'EIrEJ and 3 He.C 
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